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Abstract. We study the continuum limit of a "radially reduced" approximation of Causal Dynamical 
Triangulations (CDT), so-called multigraph ensembles, and explain why they serve as realistic toy models 
to study the dimensional reduction observed in numerical simulations of four-dimensional CDT. We present 
properties of this approximation in two, three and four dimensions comparing them with the numerical 
simulations and pointing out some common features with 2+1 dimensional Hofava-Lifshitz gravity. 



1. Introduction 

The phenomenon of the spectral dimensional reduction has attracted special interest within 
the quantum gravity community during the last seven years. It was first observed in computer 
simulations of the CDT (Causal Dynamical Triangulation) approach to quantum gravity [1] 
where a scale dependent spectral dimension varying from 4 in the IR to 2 in the UV limit 
was observed [2]. The running of the spectral dimension serves as a dynamical mechanism 
that might regulate the theory at short scales so that it might possesses a non-Gaussian fixed 
point as suggested by Weinberg [3]. Thereafter several authors confirmed a similar result from 
different approaches to quantum gravity, e.g. asymptotically safe Quantum Einstein Gravity 
[U [5] , Hofava-Lifshitz gravity [U E] , spin foams [8j EJ [10], [TJ] , multi- fractional space-times [12] [13] . 
The asymptotic safety scenario and Hofava-Lifshitz gravity share further characteristics with 
CDT and their relation is an active research field |14[ [15] [16] . Besides the contributions from 
different approaches, within the CDT approach, analytical computation explaining the numerical 
results seemed out of reach due to the complexity of the problem. To remedy this, the authors 
recently introduced a radial approximation of CDT, a so-called multigraph ensemble, and showed 
that it serves as realistic toy model to study dynamical reduction of the spectral dimension in 
CDT |17l I18| . In the following we review the results of |1 7|, [15] and comment on the relation 
between the radial approximation of CDT and three-dimensional Hofava-Lifshitz gravity. 

2. The multigraph approximation: Motivation and validity 

The causal constraint in (d + l)-dimensional CDT requires the topology to be I x S d where d is 
the dimension of spatial hyper-surfaces, which are connected by (d + l)-simplices. The foliation 
structure separates the edges in two types; space-like (blue) and time- like (red) (see Fig{T]for an 
example in 2 + 1 dimensions) . Consider the mapping which acts on rooted causal triangulations 
by collapsing spatial hyper-surfaces into single points (blue) and retaining all the time-like edges 
(red) (Fig. [I]). The resulting graph is a rooted multigraph M with L n > 1, n > 0, number of 




Figure 1. Illustration of how to obtain a multigraph from a causal triangulation. 

edges connecting vertices n and n + 1. Note that the multigraph ensemble inherits its measure 
from the measure of the causal triangulation ensemble. 

We study the spectral dimension d s on graphs by considering random walks on them and 
determining the asymptotic behaviour of the first diverging fc-th derivative of generating function 
of the return probabilities to the root, PG(t) (refer to [I7J H8| for details), 

/ oo \ 0) 

= ( X>(*)(1 " X)t ' 2 ) ~ ^ (fc+1)+ds/2 , x-fO, fc > 0, (1) 

for 2k < d s < 2(k + 1). Denoting by M n the multigraph obtained from M by removing all the 
vertices and edges from the root to vertex n — 1 and relabelling the remaining multigraph and 
setting 7] n = QM„/L n , the generating function satisfies the recursion relation [19] 

VM n (x) = VM n+l (a?) + y 1 - - xLnUMn {x)rjM n+1 (x) . (2) 

which is the starting point to determine the spectral dimension. 

The reason why multigraphs serve as realistic models that share the same spectral dimension 
with CDT is twofold; firstly it is proven )Jj£ that recurrent multigraphs bound above the spectral 
dimension of two-dimensional CDT and further this bound is believed to be tight. Secondly, in a 
rigorous proof [19J it was shown that the number of space-like links in a slice of a two-dimensional 
CDT remains finite for finite time. This indicates that a random walker on a CDT spends only 
a finite time on (finite) spatial hyper-surfaces which implies that the spectral dimension is not 
affected by random walks on spatial surfaces. This argument suggests that the multigraph 
approximation does not effect the spectral dimension of CDT. 

Having motivated the use of multigraphs, we now discuss the properties that determine the 
spectral dimension on these graphs. Rigorous results for multigraph ensembles with recurrent 
measures related to two-dimensional CDT \19\ \T7\ and transient measures jT7] indicate that the 
spectral dimension is determined by the volume and resistance growth (considering the graph as 
an electrical network where each edge has resistance one) . The knowledge of these two quantities 
is sufficient to determine the spectral dimension of multigraph ensembles. In the next section 
we apply this intuition to "radially reduced" higher-dimensional CDT ensembles. 

3. Higher-dimensional models and results 

Due to the absence of an analytical model for higher-dimensional CDT we propose a measure 
ji of the corresponding multigraph ensembles by imposing three assumptions |17t [T5] , which are 



closely related to volume and resistance growth. The first assumption concerns the connectivity, 

(Ln)^ d) ^vdN 3 -* + N. (3) 

Here vd is the inverse bare Newton's constant and D = d + 1 the topological dimension. In the 
following we choose e = 1 for D = 3 while for D = 4, e is arbitrarily small and is introduced 
for purely mathematical reasons [17]. The assumption ^ implies for the volume growth 
cN (L^) ^( Ud ) ^ (^(^)) fi(u D ) — (-^n) h{u d ) an d i s i n agreement with computer simulations of 
four- dimensional CDT. 

The second assumption bounds from above the resistance from the vertex N to infinity and 
controls the downward fluctuations in connectivity while the third ansatz controls the upward 
fluctuations in connectivity. In particular, these two assumptions read 

R{N) < jy^- ^+(v^V^), (4) 

L N < (L n ) Kud) ^(^BN 2 -^) (5) 

for iV > Nq > and almost all graphs of the ensemble. Here ifj(x), ip+(x) are diverging and slowly 
varying functions at x = and x = oo. Note that are higher- dimensional analogues of the 

analytical two-dimensional model. The description of the higher-dimensional model (2 < d s < 4) 
requires transient multigraphs with finite resistance R(N). Therefore the spectral dimension is 
extracted from Q'(x), which diverges for x — > 0. 

The scale dependent spectral dimension depends on a length scale which is set by vp. Special 
attention has to be paid to define the correct scaling limit of the discrete random graph model 
in which both the walk length as well as the characteristic length scale diverge in a "double 
scaling limit" [T7| I2D]. 

|Q'(£, G (D) )\ = Km (a/G {D) ) {\Q' M (x = «C)I> m( ^ =o1 - £ / 2/G(d)) • (6) 
In particular, one obtained for D = 3 and D = 4 respectively, 

where G^ and G^ are the renormalised Newton's constants in three and four dimensions 
respectively. This result implies that for D = 3, 4 one has = D at large distances while 
d® = 2 at short scales, which agrees with the numerical results in three [211 [22] and four- 
dimensional CDT [2 [22]. Although G? 3 % and G^ set a scale on the duration of the walk, it is 
their square root which corresponds to the length extent on the graph and is identified with the 
Planck length in three and four dimensions respectively. 

We can apply a Tauberian theorem to (\Q' (x)\) to find the average return probability 
density. Scaling the latter we determine the probability density P(a) for continuous diffusion 
time a. In |18j we pursued it for D = 4 and showed that the functional form of P(cr) is consistent 
with the one conjectured from computer simulations in [2]. Here we give the analogous result 
for D = 3. In this case one has 

P(a) = lim a' 1 (pit = \a/a)\ ))„,„ v ~ — \= r (8) 

which implies that the scale dependent spectral dimension is given by 

D . W = _2^fW_, 7 ^= = \ % <^°' (9) 

d, °S<r 1 + J<r/(2G 2 (3j ) [3, <J^°o. 



We note that, while having the correct limits, this result is slightly different than the rational 
or exponential fit suggested in [2H [22] to explain the numerical data. It would be interested so 
to test how well the data fits in the functional form B of the spectral dimension. 



4. Discussion 

We reviewed the results of |T7|, HB] regarding a radial reduction of CDT, the multigraph 
approximation, which can be used to study the phenomenon of scale dependent spectral 
dimension analytically. Besides discussing previous results on the four-dimensional case, we 
also applied this approximation to three-dimensional CDT. 

The three-dimensional model provides an interesting playground to study the relations 
between different approaches to Quantum Gravity [Ml [23] . One possibility to relate the results 
from the multigraph approximation with other approaches is to follow the techniques of |23j 
to find the dispersion relation u(k) which corresponds to ([9]). In [24] a dispersion relation 
was introduced which originates from the foliation-defining scalar of 2+1 dimensional Hofava- 
Lifshitz gravity and which is given by u)(k) 2 = Ak 2 1+ i+ 2 £)}S k4 ■ It is readily seen that it has the 
same asymptotic behaviour as the dispersion relation u{k) derived from ^ when — ?• and 
k — > oo. Trying to link those two results might shed further light on the relationship between 
Hofava-Lifshitz gravity and CDT(-like) models. 
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